Elastic and plastic deformations of a two-dimensional (2D) dusty plasma crystal under shear stresses are investigated using a numerical simulation. Our simulation mimics experiments that start with a crystal that is then manipulated by a pair of laser beams separated by a gap. In a pair of rectangular regions, we apply two equal but oppositely directed forces, to induce a shear deformation in the gap between. These external forces are increased incrementally to examine the elastic behavior, plasticity, and liquid flows. In the low-force elastic limit, a measurement of the shear modulus is obtained, which agrees with a theoretical value based on a sound speed. For larger forces resulting in plastic deformation, we determine the yield stress, which is found to agree with a common theoretical model for the critical yield stress, after accounting for the dimensionality for 2D. Published by AIP Publishing. [http://dx
I. INTRODUCTION
Strongly coupled plasmas (SCPs) can exhibit liquid-like or solid-like properties. Such an SCP is characterized by an interparticle potential energy that greatly exceeds the kinetic energy of the constituent charged particles. The parameter for describing the coupling is
where Q is the particle charge, a is the particle spacing characterized by the Wigner-Seitz radius, 1 and T p is the kinetic energy of particles. In response to shear stresses, an SCP can deform or flow. If the SCP is already in a liquid state, its response to shear stress is a flow pattern called shear flow, which has been investigated in simulations [2] [3] [4] and experiments. [5] [6] [7] [8] Here, instead of a liquid, we investigate the response starting with an SCP in a solid state.
The SCP in this study is dusty plasma. Dusty plasmas have four constituents: electrons, ions, neutral gas, and micronsize particles of solid matter. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] These solid particles, which are often called dust particles, carry a large negative charge. A collection of dust particles can be electrically confined into a three-dimensional (3D) cloud or a two-dimensional (2D) layer. In either case, the space between dust particles is filled by electrons and ions, which modify the usual 1=r scaling by the effect of screening. The interaction is often approximated as a (Yukawa) potential 22 /ðrÞ ¼ Q 
where k D is the screening length. For dust particles in a 2D plane, the Yukawa potential is consistent with the experimental observation. 23 Ion wake effects, which are not included in Eq. (2) , can affect the potential especially by giving it an anisotropic character that can play a large role in a 3D cloud. 24, 25 The effects of ion wakes are much less profound for a 2D cloud.
When it has solid-like properties, a strongly coupled dusty plasma is extremely soft. As a measure of softness, it has been noted that the shear modulus of 3D dusty plasma solids is about 10 19 times smaller than for metals, 15 ,26 and 10 6 times smaller than for colloidal crystals. 26, 27 This small modulus allows very large deformation with only a small applied force, even for a force as small as 10 À14 N, as can be applied by a manipulation laser. Manipulation lasers have been used to apply an external force in several experiments in the PK-4 instrument, which is on orbit on the International Space Station (ISS), 28 and in the laboratory. Laboratory experiments using manipulation lasers in 2D dusty plasmas have been reported for studying deformation, [29] [30] [31] [32] [33] melting, 34 viscoelastic response, 35 and shear flows. [5] [6] [7] [8] 36, 37 Plastic deformation was studied by Durniak and Samsonov 29, 31 using compression, and by Hartmann et al. 32 using shear. In this paper, we study the elastic and plastic deformations of a 2D dusty plasma crystal using a numerical simulation. We use realistic experimental parameters, and to mimic experiments with manipulation lasers, we apply shear forces in two rectangular regions, separated by a gap. We analyze particle position, velocity, and interparticle force data to obtain the stress as well as the strain. Based on the stressstrain relationship, we empirically characterize the elasticity and plasticity of 2D dusty plasmas. The previous work on the elastic properties included a report of shear modulus, without units. 38 Here we report results not just for shear modulus but also for yield stress, in both physical and dimensionless units.
Here we briefly review the concepts of shear stress, shear strain, and stress-strain relationship. Shear stress arises from a force applied along a sample's edge (although a dusty plasma allows applying such a force in the center of the sample). The shear stress is the force divided by the area or length of the edge, for 3D and 2D samples, respectively. The strain is the response to the shear stress. Strain c is a dimensionless measure of deformation; it is defined as the ratio of the change in length to a reference length. For the configuration sketched in Fig. 1(a) , the reference length is the gap width, and c is the tangent of the angle for the deformation of the sample.
The variation of strain c with stress s shows generally two distinctive regimes, as sketched in Fig. 1(b) . At small strains, the substance is in its elastic limit, where stress and strain are linearly related by,
where G is the shear modulus. At large strains, on the other hand, the substance undergoes plastic deformation, with a stress that varies less with strain than in the elastic limit. In the case of perfectly plastic deformation, the stress varies not at all with strain. The stress at the onset of plastic deformation is termed the yield stress. These macroscopic variables, stress and strain, are observables for all kinds of materials including granular materials, 39, 40 
for a particle i of mass m p . The five force terms on the righthand side of Eq. (4) describe the particle-particle interaction, confining potential, gas drag, Langevin random kicks, and an external manipulation to apply a stress. We integrated the equation of motion for N ¼ 4096 particles. The boundary conditions were periodic in the x direction, which is the direction of F ex , while in the y direction, particles were confined by the potential U in the same manner as in Ref. 44 . The initial configuration of the simulation was in a solid state, with experimentally relevant parameters. We chose C ¼ 800 and a=k D ¼ 0:73, and under these conditions, particles self-organized in a lattice structure. A high degree of spatial order can be seen in the map of particle position, Fig. 2 , where it is evident that there were three crystalline domains, and in the pair correlation function g(r), Fig. 3(a) . The presence of multiple domains probably had a little effect on our conclusions because all the further results we will present are an analysis within the central gap, where initially there was only one domain.
The simulation parameters were based on the experiment of Ref. 5 . We assumed that the microspheres had a diameter of 8:7 lm, a mass m p ¼ 5:2 Â 10 À13 kg, a number density n 2D ¼ 4:1 mm À2 , and a charge Q ¼ -15000 e. The screening length and particle spacing were comparable, k D ¼ 380 lm and a ¼ 1= ffiffiffiffiffiffiffiffiffi ffi n 2D p p ¼ 280 lm, respectively. The friction constant was gas ¼ 1:1 s À1 , assuming argon gas pressure of 6 In an experiment, if a fixed level of stress is applied to a sample, the response will be different in two regimes: for elastic deformation the strain will remain constant (at some fixed point along the sloped line, in the elastic limit), while for plastic deformation the strain will gradually increase with time (following the horizontal line to the right). The yield stress marks the end of the elastic limit and the onset of plastic deformation.
FIG. 2.
Simulation of shear deformation of 2D dusty plasma under external stresses. In the x direction, periodic boundary conditions are used, as indicated by the two image cells of the central square. In the y direction, there is a confining potential, localized to the edge, with a parabolic spatial profile. The initial conditions, shown here, have a particle arrangement that is crystalline, with three domains separated by domain walls indicated by dashed lines. External manipulation is exerted beginning at t ¼ 0 in the two shaded regions (imitating laser beams in an experiment) by applying a uniform force F ex within these regions. Results shown will be mostly for the central gap, between the regions of the applied forces. In our analysis, to obtain the shear strain, we find the average particle displacement in two analysis regions, which are slices at the top and bottom of the central gap.
mTorr and at room temperature. Under these conditions, the particle motion was under damped, with a characteristic frequency
, which is much larger than the friction constant gas .
B. Manipulation
To induce shear motion, we applied two equal but oppositely-directed forces F ex , within the shaded rectangular regions in Fig. 2 . These external forces, which appear in the last term of Eq. (4), imitate the external manipulation applied by two stripe-shaped laser beams, as in the experiment of Ref. 5 . The spatial profile for this force was uniform within the rectangular regions, and the edges were sharp. The central gap between these laser beams had a width of 1.1 mm or 3:9a.
To allow a determination of the stress-strain relationship, we increased F ex incrementally, as shown in Fig. 4(a) . The force was held constant during each of the ten increments, and each had a duration of 452 x À1 p .
C. Analysis
Our analysis centers on a stress-strain relationship curve. We will use this curve to determine the shear modulus for small strains, and for higher strains, we will use it to obtain the yield stress and a description of the plastic flow. The stress-strain relationship is obtained by calculating stress and strain at different external forces, which were increased in increments during the simulation, to change the levels of strain.
The shear stress is computed inside the central gap as
where A and M are the area and number of particles, respectively, in the central gap. The particle momentap jx andp jy are indicated with a tilde because they represent the fluctuating portion of their momenta, after we have subtracted the local mean flow velocity. The interaction force F ij;y is calculated for each pair of particles i, j as the derivative of the potential energy in Eq. (2). The number of particles M was about 140; this number fluctuated slightly with time, as individual particles moved in and out of the central gap.
The shear strain, which is essentially a transverse gradient of particle displacements, is approximated using a finite difference as
Here Dy ¼ 7:8a is the separation between the top and bottom analysis regions, as marked in Fig. 2 ; these analysis regions straddle the central gap, and they each have a width 3:9a.
Within the top analysis region, for example, we calculate X top as the x displacement of particles, averaged over all these particles in each time step and then summed over time. Essentially X top and X bottom are accumulated average displacements, in the two analysis regions. For a fixed level Initially there is a high degree of spatial order, typical of a crystal, while, at larger forces and strains, the microscopic structure is much more disordered.
FIG. 4. Time series data.
In the simulation, we increased the applied external force F ex in increments, as shown in (a). The resulting shear strain c and shear stress s xy are shown in (a) and (b), respectively. For small levels of F ex the deformation was elastic, and the strain c and stress s xy remained mostly steady when F ex was steady. At higher levels, the strain and stress were no longer steady, and at still higher levels the stress actually diminished.
of external forces, one would expect that X top and X bottom to remain steady in the elastic limit, but to increase gradually with time for plastic deformation.
III. RESULTS
Next we present our simulation results, which are in dimensionless units. Length, time, force, and stress are normalized by a, x À1 p ; f 0 ¼ m p x 2 p a, and s 0 ¼ Q 2 =4p 0 a 3 , respectively. The time series for stress and strain are shown in Fig. 4 , as the external force F ex was increased in increments. At low levels of F ex , the conditions in the central gap were elastic, so that the stress and strain were in proportion to the force, and remained steady as long as F ex was fixed. At larger levels, both quantities, strain and stress, were no longer steady, due to the onset of plastic deformation. At still higher levels, the sample made a transition to a liquid; this melting can be identified at tx p % 3000 in Fig. 4(b) as a decrease in the shear stress, indicating less resistance to flow.
Fluctuations are seen in the stress time series, Fig. 4 (b). These fluctuations are possible because we obtain the stress not from the value of the external force F ex , but instead using Eq. (5) based on the motion of a finite number of particles within the central gap. These fluctuations occur even when F ex is constant within an increment, as can be seen in Fig. 4(b) . Besides the finite number of particles within the gap, another source of fluctuations in the stress time series could be acoustic waves, emitted far away by events such as a slip at a domain wall.
The data we will use for all our further analysis is the stress-strain relationship, Fig. 5 . We obtained this relationship simply by replotting the data from Fig. 4 . This relationship shows at least three regimes for shear strain.
A. Elastic deformation
For small strain c < 0:18, which we identify as the elastic limit in Fig. 5(b) , the stress is proportional to the strain. By fitting the data in this elastic limit to a straight line, we obtain our measured shear modulus G 2D as the slope of the line. In physical units, we find G 2D ¼ 4:5 Â 10 À11 Pa m. In dimensionless units, this result is G 2D s À1 0 ¼ 0:032. We can compare our result for the shear modulus to a theoretical shear modulus based on the sound speed of a transverse sound wave. The theoretical expression is G 2D ¼ n 2D m p C 2 s , where C s is the transverse sound speed. Calculating C s using the theory of Ref. 45 for a two-dimensional Yukawa crystal, we obtain C s ¼ 0:23ax p ¼ 4.8 mm s -1 for our simulation parameters. For this sound speed, the theoretical shear modulus is G 2D s À1 0 ¼ 0:034, which agrees with our simulation result within 6%.
B. Plastic deformation
For somewhat larger strain 0:18 < c < 0:37 in Fig. 5(b) , we find what we identify as the plastic deformation regime. The signature of plastic deformation is that the stress no longer increases with strain the same way as in the elastic limit.
The onset of plastic deformation, i.e., the yield stress, is identified as the point in the stress-strain plot where the two quantities no longer obey the same linear relationship as in the elastic limit. Examining Fig. 5(b) we see that this deviation from the elastic limit occurs at c ¼ 0:18. The stress at this point is the yield stress, s Y ¼ 5:7 Â 10 À3 s 0 or 8:0 Â10 À12 Pa m in physical units. Our result for the yield stress is quantitatively consistent with a formula for the critical shear stress, based on a theoretical model that is familiar for 3D materials. 43 In physical units, this formula for the theoretical critical shear stress is 43 s th ¼ Gb=2ph;
where G is the shear modulus for 3D materials, b is the particle spacing in the direction of the shear stress, and h is the separation between two neighboring planes that exhibit a dislocation. Fig. 4 . For the elastic portion, we fit the data to a straight line, yielding a slope, as our measurement of the shear modulus G 2D . A transition from elastic to plastic deformation, i.e., yield stress, is identified by a change in slope, which is less severe than sketched in Fig. 1(b) . A transition to liquids is marked by a maximum shear stress at c % 0:37. Flow develops at large strain, with an increasing deformation at constant stress.
To allow a comparison to our result for a 2D substance, we make two substitutes: we use our 2D shear modulus G 2D for the 3D shear modulus G, and we use h ¼ ffiffi ffi 3 p b=2, which is the separation of two adjacent particle rows (parallel to the principal axis) in a 2D triangular lattice. Making these substitutes, we find s th ¼ 5:9 Â 10 À3 s 0 , which matches our simulation result s Y ¼ 5:7 Â 10 À3 s 0 based on Fig. 5(b) .
C. Liquid flow
Our stress-strain relationship curve has indications that distinguish three conditions: elastic deformation, plastic flow, and liquid-like flow. The elastic-plastic transition, as mentioned above, is at c ¼ 0:18, and it is marked by a deviation from the linear relationship in the low-stress elastic limit. At about double that stress, c ¼ 0:37, there is a plastic-liquid transition, which is marked by a peak in the stress. This peak stress is 0:010s 0 . Beyond that peak the stress diminished to about one third of the maximum. Furthermore, the microscopic structure in the central gap became more disordered, as indicated by Figs. 3(b) and 3(c), and the flow appeared to be liquid-like, when viewing movies of the particle motion in the simulation. In a future paper, we will analyze the microscopic behavior in the plastic and liquid-like flow regimes.
IV. SENSITIVITY TO TEMPERATURE
Here we assess the sensitivity of shear modulus and yield stress to temperature. To do this, additional simulations were performed at different temperatures. Results are shown in Table I .
We find that both shear modulus and yield stress decrease with temperature. For the temperature range we tested, the decrease is gradual. In Table I , as the temperature increases by a factor of 6, the shear modulus decreases only by 37%, while the yield stress decreases by 63%.
V. SUMMARY
Elastic and plastic deformations of 2D dusty plasma crystal under shear stress were investigated using a simulation. A stress-strain relationship was empirically obtained, by applying two oppositely-directed forces. Based on the stress-strain relationship, we characterize the dusty plasma crystal in three regimes: elastic deformation, plastic deformation, and flow. This characterization results in the shear modulus in the elastic limit and the yield stress at the onset of plastic deformation, for a 2D plasma crystal. The shear modulus from our simulation is found to agree with a theoretical prediction using the speed of transverse sound wave. Our determined yield stress is consistent with a theoretical formula for 3D materials.
Experiments may be able to observe the same phenomena; the required observables in an experiment are position and velocity of particles during manipulation by a laser beam, which are standard experimental methods.
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APPENDIX: COMPARISON WITH OTHER MATERIALS
Here we compare the shear modulus and yield stress for our 2D dusty plasma with that for 2D penta-graphene and typical 3D materials. The latter comparison requires 47 For 3D materials, the number density is calculated as n ¼ q=m, where q and m are the material's mass density and atomic mass, respectively. Melting point T m data, not shown here, were from Ref. 48 . For 2D penta-graphene, we use T m ¼ 4100 K for melting point 49 and n 2D ¼ 0:453Å À2 for area density. 50 Parameters used for 3D recasting these quantities in dimensionless units because shear modulus and yield stress have different units in 2D and 3D. Recognizing that this difference in units corresponds to the difference between 2D and 3D number densities, we choose to normalize shear modulus and yield stress by n 2D k B T for 2D and by nk B T for 3D materials, where n is the 3D number density, and T is the temperature. In Table II , we list the normalized shear modulus and yield stress. For the normalized shear modulus, we find that a 2D dusty plasma is similar to 3D materials. The normalized shear modulus G 2D =n 2D k B T p is comparable to G=nk B T for 3D materials, as listed in Table II . The similarity of these two values is possible, despite the very small shear modulus in physical units for the dusty plasma, because the dusty plasma has a very low density n 2D .
For the yield stress, we find s Y =n 2D k B T p for the dusty plasma is comparable to r Y =n 2D k B T for 2D penta-graphene. However, it is generally larger than r Y =nk B T for 3D materials, by at least one order of magnitude.
